We discuss a new class of tribrid inflation models in supergravity, where the shape of the inflaton potential is dominated by effects from the Kähler potential. Tribrid inflation is a variant of hybrid inflation which is particularly suited for connecting inflation with particle physics, since the inflaton can be a D-flat combination of charged fields from the matter sector. In models of tribrid inflation studied so far, the inflaton potential was dominated by either loop corrections or by mixing effects with the waterfall field (as in "pseudosmooth" tribrid inflation). Here we investigate the third possibility, namely that tribrid inflation is dominantly driven by effects from higher-dimensional operators of the Kähler potential. We specify for which superpotential parameters the new regime is realized and show how it can be experimentally distinguished from the other two (loop-driven and "pseudosmooth") regimes.
Introduction
Inflation is a very successful paradigm for solving the horizon and flatness problems and for creating the almost scale-invariant, adiabatic perturbations that have been observed in the cosmic microwave background (CMB) [1, 2, 3, 4] . However, it is not clear how cosmic inflation is realized within particle theory. Most importantly, the identity of the inflaton field, which drives the rapid expansion, is still unknown. Various models of inflation have been proposed in the literature, however often the inflaton is just an additional gauge singlet, rather disconnected from the rest of the theory.
3
A proposed framework for connecting inflation with particle physics is supersymmetric hybrid inflation [11, 12, 13, 14 ] in which inflation is ended by a particle physics phase transition. The energy scale of this phase transition is around the Grand Unification (GUT) scale: Λ inflation ∼ M GUT ∼ 10 16 GeV. This inspires hope that hybrid inflation may be connected to the spontaneous breaking of a GUT symmetry [12] . However, the inflaton itself must be a singlet in such models, and the predictions for the CMB fluctuations -which depend on the properties of the inflaton -usually cannot be related to other observables.
This issue was improved by the development of supersymmetric tribrid inflation [15, 16, 17, 18] , which is a variant of hybrid inflation where the inflaton itself can be charged under the symmetries of the particle theory [19, 20] . In particular, it can be a charged matter particle and might have observable effects in the low-energy theory. This could make it possible to determine the inflaton couplings both from particle physics constraints and from measurements of the CMB at the same time. In models of tribrid inflation studied so far, the inflaton potential was dominantly generated by either one-loop corrections from the Coleman-Weinberg potential, or by small vacuum expectation values of non-inflaton fields like the waterfall field. We refer to these regimes as loop-driven and (pseudo)smooth [21] tribrid inflation.
The goal of this paper is to complete the discussion of variants of tribrid inflation by analyzing the third possibility, namely the case that tribrid inflation is driven dominantly by effects from higher-dimensional operators of the Kähler potential. Based on a generalized superpotential for tribrid inflation we specify for which parameters the Kähler-driven regime is realized, calculate the slow-roll predictions and show how it can be experimentally distinguished from the other two regimes by a measurement of the running of the spectral index. We also discuss how the new class of inflation models might be embedded into supersymmetric GUT and/or flavour models.
The rest of the paper is structured as follows: We first motivate and introduce tribrid inflation in section 2. In sections 3 -6 we discuss the Kähler-driven regime and derive the predictions using a power series expansion of the Kähler potential. Section 7 summarizes our findings and compares our results for Kähler-driven with loop-driven and pseudosmooth tribrid inflation. There we also discuss how our results can be used for model building, using tribrid inflation as a framework for building explicit particle physics models of inflation.
Introducing Tribrid Inflation

Supersymmetric Hybrid Inflation
Before we introduce tribrid inflation, let us review the basic properties of supersymmetric hybrid inflation [11] , which in its simplest form is given by the superpotential
where Φ is the inflaton field, H is the so-called waterfall field, M is a mass scale and κ is a dimensionless constant. M and κ can be chosen real without loss of generality by global phase redefinitions of the fields. The resulting scalar potential has a nearly flat valley along the Φ direction. The flatness along this direction is lifted by loop corrections from the Coleman-Weinberg potential and by Planck-suppressed operators in the Kähler potential. This generates a gentle slope suitable for slow-roll inflation. Below some critical value Φ c , however, the waterfall field H gets a tachyonic mass. This triggers a waterfall transition which usually ends inflation very quickly [22] .
Hybrid inflation is attractive for various reasons. It is a small-field model of inflation, which means that field values stay well below the Planck scale. This allows to study it in an effective field theory (EFT) framework and predictions can be derived using only a finite number of operators with low mass dimension, while operators of higher mass dimension are safely suppressed by the Planck scale. In addition, when comparing the model's predictions with the measured CMB spectrum, the mass scale H = M turns out to be of the order of the Grand Unification scale: H ∼ M GUT ∼ 10 16 GeV. This inspires hope that models of hybrid inflation could be related to some GUT phase transition.
Supersymmetric Tribrid Inflation
An important restriction of the conventional supersymmetric hybrid inflation model discussed above is that Φ must be introduced as a singlet under all symmetries, except for a possible R-symmetry, because the hybrid superpotential in eq. (1) requires a linear term κM 2 Φ. As a gauge singlet, the inflaton is somewhat disconnected from the main particle theory: particles in the matter sector are mostly disqualified as inflaton candidates, because they are usually not singlets. A notable exception is the right-handed sneutrino [15, 23] which may play a role in neutrino mass generation while being a gauge singlet within, for instance, the MSSM or SU(5) GUTs. In Pati-Salam unified models or SO(10) GUTs, even the right-handed sneutrino is charged under the gauge group and cannot be the inflaton of conventional supersymmetric hybrid inflation.
For model-building purposes, it is desirable to allow non-singlets as inflaton fields and still retain the attractive features of hybrid inflation. This motivates the introduction of the tribrid superpotential:
where we used natural units with M Pl = (8πG) −1/2 = 1, and l, m, n ≥ 2. 4 The singlet S is no longer the inflaton, but an auxiliary field which will be stabilized near zero both during and after inflation. It is only required to induce the term |H l −M 2 | 2 in the scalar potential. The inflaton Φ is coupled to H by a non-renormalizable operator with coupling constant λ; this term will provide the Φ-dependent mass term of the waterfall field. Note that Φ no longer appears linearly in the superpotential, so Φ can be charged under symmetries, including gauge symmetries.
5
In this paper, we will restrict ourselves to models of inflation which are at least qualitatively similar to models of conventional supersymmetric hybrid inflation. This means, we will demand that Φ is the inflaton of single-field slow-roll inflation, and that inflation is terminated by a waterfall in H when m 2 H becomes negative.
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In general, we should also include the effects of the Kähler potential K. We are working with small-field models below the Planck scale, so we can expand the Kähler potential in powers of the fields:
where the coefficients in front of the quadratic terms are fixed by the normalization of the fields. The Kähler potential is assumed to depend only on the modulus squared of the fields, which may be enforced by a suitable choice of symmetries. Models of tribrid inflation, with W and K as specified above, can generate a small slope for the inflaton in three different ways:
1. By loop corrections from the Coleman-Weinberg potential, 2. from small, non-vanishing vacuum expectation values for H and S already during inflation, 3. or by Planck-suppressed operators from the Kähler potential.
In principle, mixed cases are possible, where all three sources contribute. However, it often happens that one of these effects dominates while the others can be neglected or added as 4 l = 1 is not compatible with a waterfall transition, m = 1 generates an overly steep inflaton potential and n = 1 tends to lead to high-scale SUSY breaking and requires that Φ is a singlet, which removes one of the main benefits of tribrid inflation.
5 It has been suggested that using gauge non-singlet inflaton directions is problematic: one might expect large radiative corrections to its mass due to Feynman diagrams involving gauge interactions [24] . However, during inflation the gauge non-singlet inflaton has a large vacuum expectation value which breaks the gauge symmetry and makes the corresponding gauge bosons very massive. It has been shown that this can suppress the potentially dangerous loop contributions and make them completely negligible in tribrid models [19] . 6 The superpotential of eq. (2) also features inflationary trajectories where S or H can be the inflaton, or where inflation happens along non-trivial multi-field trajectories. Although these are interesting models of inflation in their own right, they are not the subject of this paper. small corrections. We call these limiting cases the loop-driven, the the (pseudo-)smooth and the Kähler-driven regime.
The loop-driven regime has been studied e.g. in [25] including some effects from the Kähler potential. It is similar to conventional hybrid inflation both in its dynamics and in its predictions. One generally finds that r 0.01, α s 0 and H ∼ M GUT ∼ 10 16 GeV. n s can take any value in the range still allowed by the WMAP7 data [26] , depending on the choice of the Kähler potential.
The pseudosmooth regime has been explored recently in [21] , though only for specific Kähler potentials and for l = m. For these cases, the results are similar to the loop-driven regime, apart from n s , for which n s 0.96 is predicted.
In the remainder of this paper, we study the Kähler-driven regime, which has not been analyzed so far. In section 3, we identify the parts of the scalar potential which are relevant for tribrid inflation. Section 4 is devoted to calculating the slow-roll predictions from the inflaton potential, and in section 5 we derive constraints from the waterfall dynamics. Afterwards, we can estimate that the loop corrections are in fact small for a large fraction of the constrained parameter space.
3 Scalar Potential for Kähler-driven Tribrid Inflation
Identifying the Relevant Terms
We now discuss under which conditions Kähler-driven tribrid inflation, along the lines discussed above, can be realized. To this end, the following requirements will be imposed:
• The slow-roll predictions for the CMB spectrum are determined by the inflaton potential. These predictions must be compatible with experimental exclusion limits.
• During inflation, H and S must have masses above the Hubble scale H; otherwise we do not have single-field inflation in Φ.
• H must have a tachyonic instability for small Φ for the waterfall to happen.
To study these requirements, we decompose the potential:
where H = For single-field inflation, S and H must be stabilized at 0 during inflation; 7 their masses are required to be larger than the Hubble scale H: m S , m h > H for Φ Φ c . For inflation to end via a waterfall phase transition, m 2 h < 0 for Φ < Φ c . h I can be ignored; it is stabilized during inflation due to m
If these necessary conditions are satisfied, slow-roll inflation depends only on the singlefield inflaton potential
and on the critical field value Φ c which can be calculated from the potential by solving m 2 h (Φ c ) = 0 for Φ c . We can then use V (Φ) and the critical field value Φ c to derive the slow-roll predictions.
Inflaton Potential
The supergravity scalar potential for chiral superfields can be calculated from W and K:
where K ij is the matrix inverse of the Kähler metric K ij , and
Inflation is assumed to happen along a D-flat direction, so D-term contributions are ignored. The kinetic terms are
These kinetic terms are not yet canonical due to Planck-suppressed operators in the Kähler potential. During inflation, we can achieve canonical kinetic terms by a field transformation (see appendix B for details). This canonical normalization has the net effect of inducing higher-dimensional operators in our potential. Its effect on the results turns out to be very small, but it is nevertheless included for completeness and because it does not add any new complications.
We can now determine the inflaton potential V (Φ) from eqs. (6) and (55) and dropping all terms proportional to H or S. We obtain the inflaton potential:
with (10) . The blue parts of the curve are suitable for inflation, whereas the red parts correspond to inverted trajectories which cannot be realized in supersymmetric tribrid models. For non-inverted trajectories, the hilltop-type potential (second from left) is the only possibility which is consistent with n s < 1.
We have introduced the canonically normalized real inflaton field φ so that we can later use the usual slow-roll equations for real scalar fields. Note that for Kähler potential coefficients
As a further simplification, we will only keep terms up to order φ 4 in the inflaton potential to derive the predictions for inflation:
The effects of the higher-order operator c φ 6 are estimated in appendix A.3, and we find that they are usually small. We therefore have a simple model of inflation with the independent parameters (a, b, V 0 , φ c ). This model is simple enough to be solved using robust analytic approximations.
The possible shapes of the potential are depicted in fig. 1 . The blue parts of the curve correspond to possible trajectories for non-inverted tribrid inflation, and the red parts correspond to inverted trajectories where the inflaton is rolling towards larger field values. We will later see that for supersymmetric tribrid inflation, inverted trajectories are not compatible with a waterfall transition. We will therefore consider non-inverted models, although the slow-roll treatment in section 4 can easily be generalized to the inverted case. We will also see that at about N 0 e-folds before the end of inflation, i.e. at the time where perturbations with wavenumber k 0 = 0.002 Mpc −1 leave the horizon, V (φ 0 ) < 0 has to hold to account for n s < 1 as required by the WMAP observations. We are therefore mostly interested in the hilltop-type potential with a > 0 and b < 0. (6) and (55) analogous to the discussion in section 3.2. The main difference is that we now have to keep terms quadratic in H and S.
Inflaton-Dependent Masses m
The masses induced by the Kähler potential K are, using
The masses induced by the superpotential W depend on the parameters l, m, n. For l, m ≥ 3 no additional mass terms are generated. Otherwise, the masses pick up extra terms:
The singlet field S is stabilized with m S > H if κ 002 < − 1 12 , so it can safely be neglected during inflation. κ 002 does not appear in V (φ) or m 2 h (φ), so choosing a suitable κ 002 has no effect other than stabilizing S = 0.
The waterfall field's mass requires a more careful treatment. For l > 2 and m > 2, m 2 h (φ) is generally of the form
In addition, l = 2 gives a tachyonic mass to the real part of the waterfall field, and m = 2 provides a positive φ-dependent mass. These contributions dominate over the Kähler potential induced terms if M 1 (for the l = 2 term) and λ 2 V 0 (for the m = 2 term).
Slow-roll Predictions
In this section, we deduce the slow-roll predictions for φ 0 , φ c , V 0 , r and α s as functions of (a, b, n s ). We choose n s as an input parameter instead of a prediction because the model can account for any spectral index, and treating it as an input parameter makes it easier to find the phenomenologically allowed parameter ranges. We are interested in φ 0 mostly as an intermediate step to derive all other predictions.
As a pleasant side effect, we find a couple of useful constraints. In particular, we show that the vacuum energy must dominate throughout inflation (V (φ) V 0 ) and that only the hilltop-type potential is suitable for inflation (a > 0 and b < 0).
This section only uses the inflaton potential from eq. (10), so the results should be generally valid for hybrid models of hilltop inflation [27, 28] as long as loop corrections and higher-dimensional operators can be neglected. In particular, we predict that all such models have a running of the spectral index α s 0, and that a measurement of α s precisely fixes the coefficient a in the inflaton potential.
Calculation of φ 0
In the slow-roll approximation, φ 0 can be determined from the spectral index:
where we have defined ∆n := 1 − n s . In this equation, several terms can be neglected by using that φ 0 < 1 (for the EFT to be valid) and |∆n| 1 (experimentally from WMAP). Slow-roll inflation usually also requires that the inflaton mass term must be small: m 2 φ H 2 ∼ V 0 , which for our potential means a 1. In this paper, we assume |a| 0.1; we have checked numerically that no consistent slow-roll solutions exist for larger a. The simplified equation is
We can perturbatively calculate the approximate solutions for (15) . The only consistent small-field solution is φ
The other solutions are either large-field solutions (φ 0 1) or they violate the slow-roll conditions (η 1).
Slow-roll Predictions for the CMB Spectrum
Eq. (16) implies that Tensor-to-scalar ratio r. Right: Running α s of the spectral index. The blue and red bands correspond to n s = 0.94 and n s = 0.98; the upper and lower boundaries of the bands are given by φ 0 < 0.25 and |b| < 1. The tensor-to-scalar ratio is too small to be measured by the Planck experiment, and α s is positive. As large positive α s are disfavoured by WMAP [26] , our result implies that a 0.04 (95% CL). Note that α s is almost independent of b, so a could be determined by a future measurement of α s .
where we again used that ∆n 1, |a| 0.1 and φ < 1. This proves that the false vacuum energy V 0 must be dominant during the last N 0 e-folds:
The potential slow-roll parameters [29] turn out to be small:
In appendix A.1, we also show that the slow-roll parameters are small for all inflaton field values during inflation, which is required for the consistency of the slow-roll approximation.
We can determine the predictions for the CMB spectrum using eqs. (19) to (21) . The running of the spectral index is
For large a > 0.04, the running of the spectral index is positive and large, which is disfavoured by the WMAP data [26] . This constrains a to small values a 0.04, where the running of the spectral index is within the present bounds.
The tensor-to-scalar ratio r evaluates to
Measurable tensor perturbations are not expected in most of the parameter space, only for large a 0.1 and φ 0 0.3 we can get r 0.01. We have just excluded such large a because they generate a large running α s in contradiction with the experimental bounds. We therefore predict, as typical for hybrid and tribrid inflation, that Kähler-driven tribrid inflation does not produce large tensor perturbations. If r 0.01 should be observed, this class of tribrid models would be ruled out (at least as predictive small-field models).
The numerical slow-roll results for r and α s are shown in fig. 2 . They agree well with our analytical estimate, including the quadratic dependence on a.
The final result is that r is predicted not to be observed with the Planck satellite, and α s is positive. If α s was measured, this would fix the theory's free parameter a.
Hilltop-Type Potential
So far, we have only assumed ∆n 1, which is required by the WMAP data independent of r and α s . We have now found that r is generally small, and α s 0. This implies ∆n = (1 − n s ) > 0 at over 95% CL. From eq. (20) we also see that ∆n −2V (φ 0 )/V 0 . We conclude that phenomenologically viable Kähler-driven tribrid inflation requires V (φ 0 ) < 0, which singles out the hilltop-type potential with a > 0, b < 0 as the only viable option out of all potential shapes in fig. 1 .
When inflation is realized with a hilltop-type potential, we have to make sure that we are on the blue part of the curve to have non-inverted inflation. This means we need to start inflation below the local maximum of the potential. The potential has its maximum at
φ 0 must be below that value:
We therefore found the constraints
Vacuum Energy V 0 during Inflation
The vacuum energy V 0 can be determined from the amplitude of scalar curvature perturbations ∆
If we replace the amplitude of curvature perturbations by its measured value ∆ 2 R = (2.43 ± 0.09) × 10 −9 [26] , we can solve for V 0 to find
The prediction for V 0 can be translated into a lower bound on the vacuum expectation value H after inflation. The global minimum of the potential is at H = M 2/l , and V 0 = κ 2 M 4 . For a given V 0 , the condition κ O(1) provides a lower bound on M and thus a lower bound on H . This bound is shown in fig. 3 for l = 2 and l = 3. We see that H M GUT , except for the dip at a ∆n/8 which we discuss below.
For larger values of l, H must be closer to M P l because
For l ≥ 4, H > M GUT for most values of a.
We briefly want to discuss the dip at a ∆n/8. We see from eq. (25) that this situation corresponds to φ 0 φ max ; this means φ 0 is almost exactly on the hilltop maximum. At the local maximum, V (φ) = 0 and therefore ε = 0. In the slow-roll approximation, V 0 ∝ ε(φ 0 ), which explains why V 0 → 0 for a → ∆n/8.
We should note, however, that in this region our approximations become less reliable. For V (φ) → 0, even small contributions to V become important locally. Loop corrections from the Coleman-Weinberg potential may not be negligible in that region, and for very small V we also need to include e.g. soft SUSY breaking terms. In addition, V 0 → 0 suppresses the whole tree-level inflaton potential, and therefore neglected terms of the full 
model's potential also become more important for the global shape of the potential. For a ∆n/8, our approximations may therefore not be reliable, and we neglect this region from now on. 
Critical Inflaton Value φ c
The number of e-folds between φ 0 and φ c can be calculated by integration:
In the first line we have used that V (φ) V 0 , which has been proven earlier. Solving eq. (30) for φ c , we find
11 One might argue that while the relative error in V exact /V approx may be large, this could be compensated by a slight shift in φ 0 towards the maximum of the full model's effective potential, and that our results may still be approximately valid as long as the higher derivatives of the potential are still dominated by Kähler potential terms. However, our solution will certainly break down at very low scales when the potential becomes dominated by lower-energy physics, e.g. soft SUSY breaking terms.
We have now determined all the quantities we need to derive constraints on the tribrid model parameters, which we will do in the next section.
Constraints on Model Parameters
So far, we have derived constraints and predictions only from the inflaton field's dynamics during slow-roll inflation. We have not yet considered the dynamics of H.
We know that during inflation, H must be stabilized, and that at the end of inflation, H must develop a tachyonic mass to end inflation by a waterfall transition. We will use these conditions to constrain the superpotential parameters l, m and λ. From this discussion it will also become clear why tribrid models cannot have inverted trajectories.
Constraint from the Waterfall Requirement
For inflation to end with a waterfall in H, we need a critical inflaton value φ c with m 2 h (φ c ) = 0. At the critical point, the φ-dependent part of m 2 h must exactly cancel the φ-independent part. This constrains the tribrid superpotential to m = 2.
We can understand this qualitatively 12 from the form of eq.
(13). A sufficiently fast waterfall transition requires that
The φ-dependent mass must therefore vary at least over ranges of O(1)H. Contributions from the Kähler potential induce only a small φ-dependence of m 2 h :
which is too small for a waterfall transition. We therefore need a large φ-dependent mass from the superpotential, which requires m = 1 or m = 2. However, superpotentials with m = 1 cannot provide a large mass because they induce large inflaton couplings, spoiling slow-roll inflation. We therefore find the necessary condition that m = 2.
To show that l ≥ m = 2 is also sufficient, we will evaluate m 2 h (φ c ) = 0 for m = 2 and different l ≥ 2. This will also lead to constraints on λ. 
We know that the superpotential contribution must dominate on the left-hand side of eq. (34), because the Kähler potential contribution cannot provide a sufficiently large φ-dependent mass. Eq. (34) can therefore be approximated by
This fixes the coupling λ to
We can now insert eqs. (28) and (31) for V 0 and φ c to determine λ. The possible values for λ are shown in fig. 4 . We find that the waterfall condition can be satisfied with a superpotential coupling λ 1, while the tachyonic mass is generated from the Kähler potential. We note that this situation has appeared also in the first example of a tribrid inflation model in [15] (where l = 4, m = 2), however no detailed discussion of the inflationary dynamics and of the predictions was given. The tachyonic mass m 2 h (0) is of the order of the Hubble scale, which should be large enough to terminate inflation rather quickly. However, tighter constraints on m h could arise from the black hole bound [22] , which is hard to determine exactly but may be violated for small m h H.
Conventional Tribrid Superpotential
The other case we consider is the usual tribrid superpotential with l = m = 2. We insert eqs. (11a), (12a) and (12b) in the waterfall condition m 
On the right-hand side, the contribution from the superpotential is dominant because M 1. On the left-hand side, we know it must be dominant because the φ-dependent contribution from the Kähler potential is too small. We therefore find the condition:
From eq. (38) we can fix the coupling λ as a function of κ:
λ is not fully determined by a, b, ∆n and n; it is also proportional to
GUT , we can find out what λ we need for H = M GUT . The result is shown in fig. 4 . Other choices of κ lead to other values for λ and H , with λ ∝ √ κ ∝ H −1 . 
No Inverted Trajectories
Based on the previous discussion, we can exclude inverted trajectories where φ < φ c rolls towards larger field values. For such inverted trajectories, the waterfall requires that m 2 h (φ) is positive for small φ and turns negative for large φ > φ c . For this, the dominant φ-dependent part must have a negative sign:
We have seen that m = 2 is required because during inflation the φ-dependence of m 2 h (φ) must be dominated by the contribution from the superpotential operator λH 2 Φ n , leading to a φ-dependent mass term |2λHΦ n | 2 . This mass term is strictly positive, so eq. (40) cannot be satisfied in non-(pseudo)smooth supergravity tribrid models.
Smallness of Loop Corrections
Throughout this paper, we have worked with the tree-level potential and ignored the one-loop corrections to the effective potential. We will now show that this is a good approximation for a large part of parameter space.
One-loop effects add the following extra term to the tree-level potential:
where m i is the i-th mass eigenstate, s i the spin of that eigenstate, µ the renormalization scale in the M S scheme and the sum runs over all physical degrees of freedom.
It is easy to show that V loop V due to the large constant term V 0 in the treelevel potential V . The derivatives are more constraining, because the large constant V 0 drops out when taking the derivative of V . We will therefore focus on the condition
V (φ). The magnitude of the loop corrections depends on the φ-dependent masses. The dominant contribution stems from m 2 h (φ), as it receives a large φ-dependent mass from the superpotential.
Loop Corrections for l > 2
The tree-level masses m H and m F of H and its fermionic superpartner have the form:
where χ 0 , χ 1 = O(1) parametrize the mass splitting between the scalar and fermionic components of H. This mass splitting is generated by Planck-suppressed operators from the Kähler potential. We ignore here canonical normalization effects and an overall factor of e K as they induce only tiny corrections. They do not affect any cancellations because the scalar and fermionic components of the H superfield get identical normalization factors.
We choose the renormalization scale µ 2 = 2 2−n λ 2 φ 2n 0 to make sure the logarithms are small during inflation, so that higher loop orders are properly suppressed. For representative values χ 0 = χ 1 = −1, we plot V loop /V tree for φ = φ 0 and φ = φ c ( fig. 5) . Note that the lower bound of the band corresponds to b = O(1), which may be considered a natural choice. We see that loop corrections are indeed small for most choices of a, with two exceptions: Loop effects may become important for a ∆n/8 -this case has been discussed in section 4.4 -and they can become important near φ c if simultaneously a 0.02 and either n = 2 or b 1.
Loop Corrections for l = 2
For the case m = l = 2, we recover the superpotential of conventional tribrid inflation. For this superpotential, it is known that the loop corrections can be significant. They are the lower boundary corresponds to |b| = 1 and the upper boundary to b 1 (except for the small dips with V loop → 0, where the boundaries are sometimes reversed). For l = 3, the plots estimate the loop corrections for generic Kähler potentials, whereas for l = 2, specific Kähler potentials are required. Note that most predictions are only sensitive to the potential at φ 0 , where the loop effects are smaller; deviations near φ c only change the prediction for λ. The lines in the lower plots show the extremal values of b; for continuous b min < |b| < 1, the bands would fill the whole region between the spikes. We see that for l = 3, loop contributions are usually negligible, particularly for b = O(1), n = 3 or a 0.02. For l = 2, loop effects are often important. However, we find significant parts of parameter space, particularly for b = O(1), n = 3 or a 0.01, where loop effects can be neglected.
usually used to drive inflation in the absence of any tree-level potential for the inflaton. Nevertheless, as we will see, there is a complementary part of the parameter space where V loop is small and where Kähler-driven inflation is realized.
If we neglect the SUGRA induced masses 13 , we have
The "±" in eq. (43a) is "+" for the imaginary and "−" for the real scalar component of H. As we explained above, we can ignore canonical normalization effects and the factor e K in both masses. We can then plot
for φ = φ 0 and φ = φ c (see fig. 5 ), using the same renormalization scale µ as above. We find that loop effects are often important, but there are still large parts of parameter space where they are suppressed, especially for a 0.01 or n = 3. This shows that at least for some suitable Kähler potentials, loop effects can be negligible even with l = m = 2.
General Conclusion Concerning Loop Corrections
For l > 2, loop corrections are usually negligible, particularly for b = O(1), n = 3 or a 0.02. For l = 2, loop effects are often important. We have nevertheless identified regions of parameter space where the tree-level description is sufficient, especially if b = O(1), n = 3 or a 0.01. We conclude that for all l ≥ m = 2, we find consistent models of Kähler-driven tribrid inflation.
Summary and Conclusions
The three regimes of tribrid inflation
The generalized tribrid superpotential of eq. (2) can account for tribrid inflation in various ways. Apart from the formerly known regime where the inflaton potential is generated by loop corrections (see e.g. [25] ) and the recently discussed pseudosmooth regime [21] , we have shown that tribrid inflation can also happen in a Kähler-driven regime where the inflaton potential is mostly generated by Planck-suppressed operators in the Kähler potential.
The three possible regimes, along with the required superpotential parameters l and m, are shown in table 1. The Kähler-and loop-driven regimes require l ≥ m = 2 to correctly end with a waterfall transition, whereas the pseudosmooth regime requires l ≥ m > 2 to have suitable small-field trajectories. It is interesting to note that although all three regimes make similar predictions for r 0.01 and H O(10 16 GeV), the Kähler-driven regime can be distinguished from the other two regimes by a measurement of α s , which is predicted to be |α s | < 10 −3 [21, 25] for the loop-driven and pseudosmooth regimes and α s > 0 for the Kähler-driven regime.
Kähler-driven tribrid inflation
In this paper, the Kähler-driven regime of tribrid inflation was analyzed for the first time in detail, using a generic expansion of the Kähler potential.
We noticed that the large number of model parameters can be mapped to an effective model with only three free parameters: a and b, which can be calculated from the Kähler potential using eqs. (9b)-(9c), and the spectral index n s , which will be measured with improved precision by the Planck satellite. Using these parameters, we analytically derived the slow-roll predictions for the tensor-to-scalar ratio r and for the running of the spectral index α s ( fig. 2) . We also calculated constraints on the model parameters H ( fig. 3 ) and λ ( fig. 4 ) depending on a, b and n s for the different choices of l and n.
Successful inflation can occur for a large range of parameters. The required tuning of the Kähler potential, which is typical for supergravity theories, is pretty mild: it is sufficient to tune a single parameter κ 101 0.94-0.99, while all other parameters in the Kähler potential can take values of O(1).
Our results can be used for model-building in various ways. If one knows the Kähler potential from some UV completion, one can calculate a and b using eqs. (9b)-(9c). The spectral index can be fixed by the upcoming measurement by the Planck satellite. One can then read off the constraints on the superpotential parameters λ and H and the CMB observable α s from our plots or calculate the numerical value from our analytical slow-roll results (eqs. (16), (22), (28), (31), (36) and (39)).
If one does not know the Kähler potential, then a could be fixed by a future measurement of α s . This suffices for an estimate of H and λ, as they do not strongly depend on b. One can also estimate the parameter a by a measurement of the superpotential coupling λ; when tribrid inflation is embedded into a full particle physics model, this coupling may be observable in the low-energy theory. In sneutrino tribrid inflation, as discussed for example in the loop-driven regime (with l = m = 2) in [25] , λ is related to the observable neutrino mass.
We took particular care to check our approximations: We explicitly showed that the slow-roll parameters remain small throughout inflation and that our semiclassical approximation is not spoiled by quantum fluctuations. We estimated the effects of higherdimensional operators, which turn out to be small, and proved that loop effects are negligible for a large part of parameter space, especially for l > 2 ( fig. 5 ). We also compared our analytical approximations with numerical computations, and found excellent agreement. We therefore believe that our treatment covers the full range of Kähler-driven slow-roll tribrid inflation models with good accuracy.
Outlook
Together with the papers on loop-driven (see e.g. [25] ) and pseudosmooth [21] tribrid inflation, this paper provides a blueprint for applying tribrid inflation to supersymmetric model-building. It has been shown that a variety of superpotentials can feature tribrid inflation, in particular all superpotentials of the form of eq. (2) with l ≥ m = 2 or l = m > 2. It should now be possible to identify particle physics models which can contain the required superpotential terms. The inflaton can be a D-flat combination of (charged) matter fields [19] , and the waterfall phase transition might be identified with the spontaneous breaking of, e.g., a GUT symmetry [12] or family symmetry [30] .
Once a particle theory with a suitable superpotential has been found, the regime of tribrid inflation can be determined from l and m using table 1, and the inflationary predictions can be read off the graphs in the corresponding paper. As we have explained, this works particularly well for the Kähler-driven regime, where we have derived strong correlations between several model parameters and the cosmological observable α s .
We conclude that models of supersymmetric tribrid inflation are indeed promising candidates for realizing inflation in close contact with particle physics.
A Consistency of Assumptions
Throughout this paper, we have treated our field in the semiclassical slow-roll approximation, using only the tree-level inflaton potential truncated after the φ 4 term. In this appendix, we check the validity of these assumptions.
We will find that for a large part of parameter space, especially for b = O(1), the approximations are very precise and our predictions are reliable. For another range of parameters, especially for b 1, the quantitative results receive noticeable corrections, but the qualitative results are unchanged.
A.1 Smallness of Slow-roll Parameters
To justify the slow-roll treatment, we must make sure that the slow-roll parameters ε and η are small for all values of φ ∈ [φ c , φ 0 ]. We start with ε:
where we have used V V 0 from eq. (18) . We know that a, φ > 0 and b < 0, so the two terms in the brackets partially cancel. We also know that φ 2 < φ
from eq. (24), so |4bφ 3 | < |2aφ|. Together with eq. (44) this implies the bound
As φ < 1 and a < 0.1, the first slow-roll parameter is small.
The second slow-roll parameter is
where we used φ 2 ≤ φ
. The second slow-roll parameter is also small due to a < 0.1.
The higher-order slow-roll parameters [29] are also small due to the smallness of V . We see that the slow-roll parameters are indeed always small, justifying our first-order slow-roll treatment.
A.2 Validity of Semiclassical Treatment
The semiclassical approximation assumes that quantum fluctuations can be neglected compared to the classical field dynamics:
For our potentials ε is minimal at φ 0 or φ c . At φ 0 , the condition (47) is trivially satisfied due to ∆ 2 R = (2.43 ± 0.09) × 10 −9 , so we only need to check it at φ c . Therefore condition (47) simplifies to:
The numerical result for eq. (48) is plotted in fig. 6 . We see that for a 0.04 -which is required to keep α s in the WMAP 2σ-bound -quantum fluctuations can safely be neglected. : Ratio of quantum fluctuations ∆φ 2 qu over the classical change of the field ∆φ 2 cl . The blue and red bands correspond to n s = 0.94 and n s = 0.98. The width of the bands is given by N 0 = 50 − 60. Note that we require a 0.04 to keep α s inside the WMAP 2σ-bound. Therefore, quantum fluctuations are always negligible in the considered tribrid models, and our semiclassical approximation is justified.
A.3 Effects of Higher-Dimensional Operators
So far, we have neglected higher-order terms in the inflaton potential. We want to briefly discuss how these change the results of our analysis.
The most important neglected operator is ∆V = V 0 c φ 6 , which is already strongly Planck-suppressed and does not contribute much to most of the results. Its strongest effect is on the higher derivatives of the potential: Upper bound on the shift of n s due to higher-dimensional operators for |b| = 1 (left) and |b| 1 (right), assuming that |c| ≤ |b|. The blue and red bands correspond to n s = 0.94 and n s = 0.98; the width of the bands is given by |c| ≤ |b| and φ 0 < 0.25. We see that for b = O(1), the effect of higher-dimensional operators is negligible. For b 1, the predictions can be shifted, but this shift is still smaller than the current experimental uncertainty in n s .
This shifts the spectral index:
We can accommodate for such a change by using ∆n = n s − 1 − ∆n s instead of our original definition ∆n = n s − 1 in all of our equations. However, for a large part of the parameter space, the effect turns out to be insignificant anyway. The maximal shift ∆n s is shown in fig. 7 . For b = O(1), the predictions are not changed significantly by higher-dimensional operators, and the results of this paper accurately describe Kähler-driven tribrid inflation.
For |b| 1, we assume that |c| |b|. If b is small due to some mechanism, it is likely that the same mechanism can suppress c. Under that assumption, we find that in the worst case the shift is as large as ∆n s ∼ 0.03 ( fig. 7 ). This is still less than the separation between the red and blue bands in this paper's plots; it does not invalidate the qualitative results, but it blurs the quantitative predictions.
Only for |b| 1 and |c| > |b|, the higher-dimensional operator c φ 6 becomes dominant; results can change dramatically and c must be included as a free parameter. In that case, the theory loses a lot of its predictivity. The qualitative result that l ≥ m = 2 is still valid because it does not depend strongly on the inflaton potential, but the slow-roll predictions are invalidated.
One could also expect a large effect of c on α s via ∆V , but this turns out to just change α s → α s 
B Canonical Normalization Effects
This appendix deals with the effects of canonical normalization assuming that H = S = 0 during inflation, as is the case during (non-pseudosmooth) tribrid inflation. In this case, we will find that canonical normalization has the net effect of inducing additional Plancksuppressed operators in the scalar potential.
In supergravity, the kinetic terms are given by
These kinetic terms are not yet canonical, though during inflation they are diagonal due to H = S = 0.
14 For H and S, this can be solved by the simple transformations:
The kinetic terms transform as and analogously for S . So we see that H and S are canonically normalized during inflation, where H = S = H = S = 0.
Having normalized H and S , we can next find a transformation Φ = f (Φ ) by demanding that Φ should have canonical kinetic terms during inflation:
For H = S = 0, this condition reduces to an ordinary differential equation in f :
14 In our case, the kinetic terms are diagonal if the Kähler potential contains no terms that are linear in S or H, e.g. ∆K = (S|φ| 2 + h.c.) or ∆K = (HS + h.c.), which we have assumed in (3). The off-diagonal elements involve a single derivative of K with respect to H or S. If K contains no linear terms, the result must be proportional to at least one power of H † or S † (or their hermitian conjugates). Therefore, the off-diagonal elements vanish for H = S = 0.
As our potential does not depend on the inflaton's phase, we can choose Φ to be real by a redefinition Φ → Φ exp −i arg(Φ) . Then the differential equation can be solved up to any order by a power series ansatz for f . Using the Kähler potential (3), the solution is 
After doing these transformations, we rename Φ , H and S back to Φ, H and S. The potential including normalization effects is then given by the potential (6) and the transformations (51) and (54):
The effects of the field redefinition turn out to be negligible, as for κ ijk O(1) it just transforms all operators in the potential
We see that the new operators arising from the transformation are strongly suppressed with respect to the already existing operators. We therefore expect that they do not affect the results significantly. They are nevertheless included in our analysis for completeness and because they do not add any extra complications.
